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NON-LINEAR ANALYSIS OF THE FREE ELECTRON LASERS UTILIZING
A LINEAR WIGGLER FIRLD

I. INTRODUCTION 2

Free electron lasers (FELs) based on stimulated scattering from i
relativistic electron beams show great potential for becoming a new class
of efficient devices capable of generating intense levels of coherent
radiation. This class of FELs is characterized by a pump or wiggler k

field which is typically a spatially periodic magnetic field.

3 The magnetic wiggler field can be either linearly or circularly
polarized. A circularly polarized wiggler is somewhat simpler to analyze
because the axial particle velocity, for a fixed amplitude and period
wiggler, is constant (independent of axial position). A linearly polari-

zed wiggler, on the other hand, introduces a spatially oscillating term !
(1-32)

in the axial particle velocity. To our knowledge previous FEL analyses
have either taken the wiggler to be circularly polarized or have
neglected the spatially oscillating part of the axial particle velocity

with a linearly polarized wiggler.

Many of the future FEL experiments will employ a linearly polarized
magnetic wiggler field. There are a number of practical advantages to this
type of wiggler as opposed to a circularly polarized wiggler. These
advantages are: 1) relative simplicity of comstruction (which includes
axial variation of the amplitude and period of the wiggler), 1i) somewvhat

higher field amplitudes can be obtained and, 1ii) it is easier to obtain a

linearly polarized radiation source for amplification.

Manuscript submitted August 24, 1981,




I1. PHASE COHERENCE

In this paper we analyze the FEL in the steady state amplifying
configuration. Our model for the FEL consists of a one dimensionsal rela-
tivistic electron beam propagating through a linearly polarized spatially
periodic magnetic wiggler field EV(Z)' as shown in Fig. 1. The vector

potential associated with the linearly polarized magnetic pump is

z
Aw(z) = Aw(z) sinfkw(z') dz' ¢ (1)

Yy
o
where the amplitude A (z) and period Zw(z) = 20 /kw(z) are slowly varying,
known functions of z. The general temporal steady state radiation field
and electrostatic (Coulomb) field excited by the interaction of the electron

beam and wiggler field are respectively given by

z
A(z,t) = A(2) sin(fk(z')dz' -wt)ﬁ‘y N (2a)

[+)

and

z
¢(z,c) = ¢,(2) coo(f(k(z') H‘w(z')) dz' -wt)

o
4
+ ¢2(z) oin(f(k(z') + kv(z'ﬁdz' -wt) ’ (2b)
o

where A"l’ 02. and k are assumed to be slovly varying functions of 2z
compared to the radiation wavelength. Even for highly efficient FELs the
radiation field 1is typically much less than the pump field, i.e.,

[al << |a,|. In this section we will consider some of the characteristics
of a FEL with a linearly polarized magnetic pump fileld and take A, k, and

k to be independent of axial position.

2




In the presence of only the wiggler field the electron velocity is

Ve ® 0,
Vy - VO*.ln sz . (”-c)
2
v
0d
v, * Voz + Ty o8 2 k': ’

vhere Voo * IclA"/(Yoloc) is the magnitude of the transverse wiggle velocity,
voz =V, - V:L/Avo is the fvoragc axial velocity, Vo is the magnitude of

the total velocity, i.es., Y, = (1~ v:/c’)'k. For the present it is suffi-
cient to say that the frequency of the radiation field is such that phase
coherence exists between the ponderomotive wave and the axial particle
motion. That is, the axial phase velocity of the ponderomotive wave and

the axial particle velocity must be matched so that an axchange of energy
between the particles and radistfon field can take place. The phase velocity
of the ponderomotive wave is vph = w/(k + k"). By taking k = w/c and

equating v__ to the average axial particle velocity Voz' VO find cthat the

ph
radiation frequency is given by

w=cks=s (1+ Bo) Y:o vozkw , (4)

where Y:O - Y;/(l + B:Jy:IZ) is the effective axial gamma factor,

Bo;,' voj!c. It will now be shown that the spatially oscillatory part of

R VU

the axial particle velocity, the second term of (3c), does not lead to phase
incoherence regardless of the magnitude or wavelength of the wiggler field.

The condition for phase coherence is

(k + k‘) 6:0. <«< n/2 ,




vhere 63 _ = B;Llak' is the amplitude of the axial particle displacement
associated with the spatially oscillatory part of the axial particle
velocity. Using (4) we find that

(k+k) 8 _=sta-~qa+sy/h <, (6)

u) os 2 oL 0 2

and is alvays less than 1/2 and typically s 1/4. Hence, the phase coherence
condition in (5) is always satisfied even for arbitrarily strong pump fields.
Therefore, the oscillatory part of the axial particle velocity in a linearly

polarized pump can never result in phase incoherence.
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IIT. _LINEAR AND NON-LINEAR THEORY
a. Non-Linear Self-Consistent Formulation

; In this section we formulate the 1-D non-linear theory of the FEL for

| a linearly polarized wiggler field. We include in our formulation of the

| . problem: 1) a spatially varying wiggler amplitude and period, ii) space
charge fields, and 1{i{) a D.C. accelerating field Eac(z) - - 3¢hc/3z ;z'
The present formulation is similar to our previous treatment of the circu-

| larly polarized wiggler problem.(26) We will show later that the applica-
tions of the D.C. accelerating field can modify the phase of the particles

(33-36)

resulting in enhanced efficiency. This method is equivalent to

schemes in which the pump amplitude and/or period is varied as a function
of z(26-28, 31).

The wave equations for A and ¢ are

T 2 _1 @ - 4n
(5? -2 3:2) Ay(z.t) < Jy(z,t) s (7a)
and
329(z,t)
3zt br 5 (2,8) - . (7b)

The driving currents, Jy and Jz’ are given by

4
J(z,0)= -lelfﬂ;;'T.: f(:..g.t)d"g . (8)

The thermal electron distribution function can be expressed in the following

form




A

o' 2O

© oy g (v )
(uzo)

G(Z - ?(to’ “zort))

6(9y -7 (t uzo,t))é(pz - $;(to, u

v\ %> , t)) dto duzo,

20

where n, is the uniform particle density for z < 0, which is to the left of

the interaction region and hence outside of the wiagler field, u, = on/mon Poo
is the axial electron momentum for z < 0, g (u, ) is the distribution function
associated with the initial spread in axial electron momentum, 'i’(tduzo,t)

is the axial position at time t of the particle which crossed the z = 0

plane at time to with axial momentum P, and :p"(to, U, t) is the momentum
vector at time t of the particle which crossed the z = 0 plane at time to

with axial momentum P Substituting (9) into (8) and carrying out the

integration over momentum, the driving current becomes

leln, f f 222 (o) Eote0r? (10)
Jz,t)= -|e|n ———— g (u - 10
° ffYo(uzo) o 20 'B'z(to,uzo,t)

§(e - T(to,uzo,z)) dto duzo ’

where
z
dz'
(t ,u ,2) =t + ) —m—m— ,
o 20 ° of vz(to,uzo,z')

is the time it takes a particle to travel to position z if it crossed the

z = 0 plane at time t with momentum Poo = 'mo“zo‘ Note that v, = pz/ymo is the

axial velocity of the particle with initial conditioms L U




Following the method presented in Ref. (26), we obtain the equations
governing the amplitude and wavenumber of the radiation field and space
charge field. Substituting (10) into (7), and multiplying the electrcaagnetic
wave equation by Zin ( f (k(z') dz' - »t) and the electro-static wave evqua-

tion by | sin (of (x (2') + k (z')) dz' - wt) and integrating over one time period,

we obtain the following equations for A(z), k(z), ¢1(z) and ¢, (z),

W 1 “% 1 u go(uzo)
(:'k“)) AR = -3 Ty f7<—>—

cos U(t_,u__,z)
[Aw(z)<~ =2 > + A(z)] du, . » (11a)

Y(t u,,2)

2 )
o L 1 % 1 uz.ngo(uw
@ 5 (Mk <=>) -3 FS e

sin F;(: ,u_,2)

A (2) < 9 20 >du , (11b)
v Tt ,u_,2) zo

(o] 20

2 [- -]

w 2

b ¢
9@ =-F T Te

2m ¢ u .8 (u_) T
o [} zo cos (r. ", ,z) du J (11lc)
L[ e < %

2 [ ]
w 2 2me u g (u )
b c o 20°0 20 ~
¢2(z) - - ;1._ = Tel Yo(“zo) <|1n W(to,uzo,z)> d“zo’ (114d)

-l

vhere w, = (bﬂlclzno/mo)l! ,
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2 /w ?
> - &2); f de (---) and E(tu.”zo.u 'f((k(z') +k,(2') ‘é—) dz® - we
o o L

is the phase of the electron with respect to the beat wave

(ponderomotive wave). If the electron beam can be considered to have negli-
v gible spread in axial momentum, upon entering the interaction region, we mayv

replace go(uoz) with a delta function, and carry out the integration

over u
oz

To complete the formulation of the FEL problem we require an equatiom
describing the evolution of the phase E(to.uzo.z). To obtain this equation
we first note that the y component of the particle's canonical momentum is a
constant of moticn. In terms of the Lagrangian independent variables z, t,

and Y0 the axial particle momentum is given by

7, - IeLz 3 2
e TR |5 A A s D)

m C2
~ 0 ap(z,t = 1) e
- 2 T 7 ] - %:l Eac(z) ’ (12)

vhere 3; = $;(t°, u , t= r(to, uoz,z)) =Y V.m . Equation (12) can be put

oz zZ 0

into a more convenient and illuminating form by dropping terms which are not

synchronous with the ponderomotive wave, using the well satisified inequality

|Al << |Aw| and assuming highly relativistic axial particle velocities. With
these assumptions, together with the definition of the relative phase a,

equation (12) takes the form of a generalized pendulum like equation




2 2
27 2% 1 %]ﬁ w My, lelue 2,
3z° z 4 c‘f ¢ 9z —

2% 2
moc Y Yz 3z

o)

(<cos :> sin '47 - < sin 'J > cos /117) s (13)

2

3k e 2 Aw
+-§-£-(:71L‘;‘1)?) kkw(AwAsin t[7+-2—-sin 2

2.2
Zwb/c

TV

oY=

+

where ?; = (1 -‘Vi/cz)a%. In obtaining (13) we have assumed that all the
particles have the same initial axial momentum, i.e., cold beam limit. The
various terms affecting the phase in the generalized pendulum-like equation
can now be distinguished. The first three terms represent the various effi-
ciency enhancement methods available in the FEL. Theyv include: 1) tapering
the wiggler wavelength, ii) tapering the wiggler amplitude and iii) D.C.
accelerating potential. The equivalence of these schemes is evident. The
fourth term is due to the self-consistent spatial variation of the radiation
wavelength and can usually be neglected. The fifth and sixth terms represent:
i) the ponderomotive wave due to the teating of the wiggler and radiation
field and ii) the ponderomotive static wave due to the beating of the wiggler
field with itseli. 1If a circularly polarized wiggler field were chosen
instead of a linearly polarized wiggler, the sixth term would not appear.

The final term denotes the effects of space charge (collective) waves on the
phase. The application of a D.C. accelerating potential can be an important
method for enhancing the FEL's efficiency. If instead of a static magnetic
wiggler field an electromagnetic wiggler is employed as a pump source, con-
trol of the wiggler amplitude or wavelength is not possible in a simple

way. Application of a D.C. accelerating field is the most straightforward

method.for efficiency enhancement.




b. Trapping Potential.

One promising approach that can be taken to enhance efficiency is
to initially trap a large fraction of the particles in the ponderomotive
potential wells and adiabatically extract kinetic enerqy from the particles.
To trap a substantial fraction of the electrons the trapping potential must
be large or at least comparable to the initial spread in particle energy.
This implies that a rather large amplitude radiation field must exist at

the input to the interaction reqion. Using (14) it can be shown that the

. . . 2, _ Ay -
full trapping potential is given by I"‘trap/(vo-oc ) (Yo)trlp
2y2 yzoeo*(A/Aw)s where A is the radiation vector potential amplitude.

c. Linear Gain.
As a special case of (13) we consider the low gain, constant
wiggler regime without space charge effects. Equation (13) reduces to the

well known pendulum equation

23 2 A2

where the radiation wavelength has also been taken as constant, i.e.,
d9k/9z = 0. Using Eq. (11lb) and (14) the small signal gain, i.e.,
G = (A(z) ~ A(0))/A(0) for a linearly polarized wiggler field can be

shown to be given by

6= <(1/16) £282, (k 2)? 3(sin 6/0)%/20, as)

where 6 = uz/2, uy = (k + kw) - m/vzo = kw(m° - m)/wo,£ = ub/Vyoc k'. It is

worth noting that the gain for a linearly polarized wiggler field is less

10
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than that for a circularly polarized wiggler by a factor of twn. Bwoept for
this factor the gain -mnulouo“co:)o identical. That is, the small signal gain
for a linearly polarised wiggler and for a circularly polarised vtﬂluus'“-”'n,
are identical if the amplitude of the latter is reduced by y2, i.e., if the
amplitude of the circularly polarised wiggler is equal to the rms value of the
amplitude of the linearly polarised wiggler.

™he linear gain expression Eq. (15) does not take saturation effects

into account. When the fregquemcy mismatch is small,

L]
o '0

. (16)

trap
some particles are initially trapped, and the trapped particles cause

saturation to occur within a short interaction length. Thus, the linear
gain expression Eq. (15) should be used with discretion.

In what follows, the efficiency will be defined as the ratio of the

electromagnetic energy flux increase to the initial electron kinetic energy

flux

(17)
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IV. ILLUSTRATIVE EXAMNPLE OF A 10um PEL

We 8OW present a number of illustrative examples of an PFEL utilizing
a linearly polarized magnetic pump. In our examples we have chosen a 2% MeV
electron beam (y_ = 50), elactron beam particle density of n_ = § x 101%="3,
a4 maghetic wiggler field amplitude of Io = 5 kG and wavelength of l' = 2.8 cm.
For these paramsters, A' = 2,23 x 103 stat volts, k' = 2,24 CI-l. fos =
2.61 x 1072, £ = 2.65 x 1072 and Ypo = 36.7. The radiation wavelength is
very nearly l0um. As the input radiation source, we chose a high power coz
laser with a power flux of 5 x 107 H/cuz, A(Q) = 0.1 stat volts. Using the
expression for the trapping potential we find that, with the above parameters,
~ 2% enerqgy spread on the electron beam can be tolerated and substantial

fraction of the electrons can still be trapped. In the following examples,
Eqs. (lla-d) and (13) are solved numerically. Figure 2 shows the efficiency,
for a constant parameter wiggler, as a function of axial position for
bu/e, = =) = - 1.25 x 1072 vhere u_ = 2 vie k,. The radiation
field saturates at z = 70 l' with a net gain of 0.4 and efficiency of 0.7%.
Figure 3 shows the linear gain as a function of frequency mismatch, Aw/mo.
The dotted curve is the exact gain curve at z = 30 lw in the linear regime
of the interaction. The solid curve is the gain obtained from Eq. (15)
evaluated at z = 30 !w'

In Fig. 4 the gain as a function of axial distance is shown for a
frequency close to resonance, Aw/ho = =7 x 10-3. The dotted curve is the
exact gain obtained from the self-consistent non-linear equations, while
the solid curve is the linear gain from Eq. (15). Since 31{ =2 x 10-2,

ottap

the inequality, Eq. (16), is satisfied, and particles are initially trapped.

The trapped particles cause saturation to occur early in the interaction




region and saturation effects result in a decrease in the gain as compared
to the linear gain expression. The linear gain expression does not take
trapping into account and therefore, the linear gain expression in (15)
should be used with discretion.

The next two figures depict the gain and efficiency as a function of
frequency mismatch for linearly polarized and circularly polarized wiggler
fields. 1In making this comparison the amplitude of the circularly polarized
wiggler is set equal to the rms amplitude of the linearly polarized

wiggler,i.e.,B //_. Also, the am::litude of the circularly

circular Blinear
polarized radiation field is set equal to the rms amplitude of the linearly
polarized radiation field. The particle equations of motion for the two
sets of field polarization are identical except for the longitudinally
oscillating term (sixth term in Eq. (13)) which is associated with the
linearly polarized wiggler field. Figure 5 is a plot of gain at saturation
versus frequency mismatch for both types of wiggler polarizations. Figure 6
shows the efficiency curve versus frequency mismatch again for both polari-
zations of fields. Figures 5 and 6 demonstrate that the longitudinal jiggle
term induced in a linear wiggler can have a quantitative effect on the non-
linear FEL interaction.

As mentioned earlier, efficiency enhancement can be achieved using a
number of schemes. The next figure shows an example in which the wiggler
wavelength lw(z) and amplitude Bw(z) are varied in such a way that the

(26-28'31) The frequency [N] is Cho”n 80

product lew is held constant.
that the ponderomotive wave is exactly resonant with the particles, i.e.,

Aw = 0. If none of the various efficiency enhancement schemes were employed,
the gain would be zero. 1In Fig. 7, the tapering of the wiggler wavelength
begins at the entrance of the interaction region. The period is changed
from 2.8 cm at z = 0 to 2.66 cm at z = 150 lw(O) = 420 cm. The efficiency

at the end of the interaction reached 1.15% as shown in Fig. 7. As seen

13




from this figure the efficiency can be much larger by extending the inter-

action length. By increasing the power flux of the input m2 laser signal

or wiggler amplitude, the trapping potential can be increased, permitting a

more rapid rate of decrease of the wiggler period.

14
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Fig. 1 - Schemstic of the free-electron laser model. The ummodulated
electron beam enters the interaction region from the left. The wiggler
field builds up adiabatically and reaches a constant amplitude for 2>0,
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Fig., 5 - A comparison of gain at saturation using a linearly polarized
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versus frequency mismatch -Aw/w 5
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